In this work we introduce and study the M -Hypercyclicity of C 0 -semigroup T = (T t ) t≥0 on an infinite-dimensional separable complex Banach space X. We give sufficient conditions of being M -hypercyclic for this semigroup. Moreover, some proprieties and analogous result for the notion of M -Transitive are also obtained.
Introduction
In all that follows X will be a infinite-dimensional separable complex Banach space and B(X) denotes the Banach algebra of all bounded linear operators on X. let T ∈ B(X), T is said to be hypercyclic if there is a vector x ∈ X whose orbit under T , Orb(T, x) = {T n x : n ≥ 0} is dense in X, in this case x is called a hypercyclic vector. For more details about the orbits of operators see [13] and [18] . The first example of a hypercyclic operator was shown by Birkhoff for the translation operator, Rolewicz constructed the first example of operators on Banach space considering B the backward shift on l p , he showed that λB is hypercyclic if and only if |λ| > 1 (see [3] ). Ansari [1] showed that hypercyclic operators exist on infinite-dimensional separable Banach space. Moreover, in [2] it was shown that all the powers of a hypercyclic operator T are also hypercyclic.
On other hand, T ∈ B(X) is called topologically transitive if for every pair of nonempty open set U, V of X there exists a non-negative integer n such that T n (U ) V = ∅. It is well known that T ∈ B(X) is hypercyclic if and only if T is topologically transitive. In more general, the sequence (T n ) n≥0 ⊂ X is called hypercyclic or universal if (T n (x)) n≥0 is dense in X for some vector x ∈ X (also x is called universal for the family (T n ) n≥0 ).
The question of what conditions an operator must have to be hypercyclic was solved by the famous Hypercyclicity Criterion due independently to Kitai in her thesis and Gethner and Shapiro [3, 10, 16] . We say that (T n ) n≥0 ) satisfies the Hypercyclicity Criterion or the Universality Criterion with respect for some (n k ) k≥0 whenever there exists dense subset
is said to satisfy the Hypercyclicity Criterion with respect (n k ) k≥0 if the sequence (T n ) n≥0 satisfies the Hypercyclicity Criterion with respect (n k ) k≥0 . Then Hypercyclicity Criterion implies the Hypercyclicity, the converse is not true ; recently de la Rosa and Read proved that there is not equivalent between Hypercyclicity and Hypercyclicity Criterion [20] . Salas proved in [21] that there are the operators satisfies the Hypercyclicity Criterion with respect to the sequence (n k ) k≥0 but do not satisfy the Hypercyclicity Criterion for the full sequence (n k ) k≥0 = (k) k≥0 . For more details on hypercyclic operators we refer the reader to [3] and [11] .
Recall that Bourdon and Feldman in [5] showed that for T ∈ B(X) if the closure of the orbit has nonempty interior (namely some where dense), then T must be hypercyclic (i.e : if T is somewhere dense, then it is everywhere dense). This remarkable result develop some concepts of Hypercyclicity such as a Hypercyclic for a nonempty closed set A ⊂ X [14, 17] , i.e : an operator T is hypercyclic for a nonempty closed set A ⊂ X if there exists x ∈ X such that A ⊆ Orb(T, x), consequently studying the Hypercyclicity for closed sets it is suffice to suppose that A has empty interior, particular if A is a nontrivial subspace of X.
Recently, B. F. Madore and R. A. Martnez-Avendano in [17] introduced and study the concept of subspace-hypercyclicity for an operator. An operator T is subspace-hypercyclic or M -hypercyclic for a subspace M of X if there exists x ∈ X such that Orb(T, x) M is dense in M . Such a vector x is called a M -hypercyclic vector for T , they showed that there is an operators are Mhypercyclic but not hypercyclic. Analogously they introduced the concept of subspace-transitivity. Let T ∈ B(X) and M be a closed subspace of X, we say that T is M -transitive if for any non-empty open sets U, V in M , there exists n ≥ 0 such that T −n (U ) V contain a non-empty open subset of M .The authors showed that M -transitivity implies M -hypercyclicity. Note that the converse is not true, this is proving recently by C. M. Le in [14] . Also, the authors have given the corresponding subspace-Hypercyclicity Criterion for an operator, see theorem 3.6 in [17] .
Next, Recall that a one-parameter family (T t ) t≥0 of operators on X is called a strongly continuous semigroup (or C 0 -semigroup) of operators if T 0 = I, T t+s = T t T s for all t, s ≥ 0 and lim t−→s T t (x) = T s (x) for all s ≥ 0 and x ∈ X. If (T t ) t≥0 is semi-group then the family (T t ) t≥0 is locally equicontinuous, that is for any b > 0 we have
T (x) − x t It is well known that D(A) is dense in X and A is a closed linear operator. For more details about C 0 -semigroup see the the books [9] , [11] , [19] . Now, Let T = (T t ) t≥0 be a C 0 -semigroup on X, T is is called hypercyclic if there is some x ∈ X whose orbit under T , Orb(T , x) = {T t (x) : t ≥ 0)} is dense in X, in such a case, x is called a hypercyclic vector for T . The investigation of hypercyclic semigroups was initiated by Desch, Schappacher and Webb in [8] , Costakis and Peris in [7] , Bermudez, Bonilla and Martinen in [4] and Kalmes in [12] .
It is easy to verify that if T = (T t ) t≥0 is a C 0 -semigroup and some operator T t in the semigroup is hypercyclic, then the semigroup itself is hypercyclic. The converse situation is very difficult problem, it is mentioning in [4] , i.e : if T = (T t ) t≥0 is a hypercyclic C 0 -semigroup, is every operator T t , t > 0 hypercyclic ?. Recently, basing on approach in [15] Conejero, Peris, and Mï¿ 1 2 ller solved this problem. They showed that if T = (T t ) t≥0 is a hypercyclic C 0 -semigroup and x is a hypercyclic vector for T then x is a hypercyclic vector for T t 0 for every t 0 > 0 ( see [6, theorem 2.3] ).
In the following section, firstly we study the notion of M -Universality and M -Transitivity for a sequence of operators. Evidently the Universality notion implies the M -universality, by example we show that the converse is not true. Again we conclude that the M -Transitivity implies M -Universality. Secondly We introduce the notion of M -Hypercyclicity for C 0 -semigroup T = (T t ) t≥0 and we prove and extend some proprieties of the subspace-hypercyclicity for one operator to C 0 -semigroup T .
Main results
Definition 2.1. Let (T n ) n≥0 a sequence in B(X) and let M be a nonzero subspace of X. We say that
The vector x called M −universal vector for (T n ) n≥0 . We denote by U ((T n ), M ) the set of all M −universal vectors of (T n ) n≥0 .
is clair that the above definition coincide with the definition of universality. 2. If M = X and T n = T n , n ≥ 0 with T ∈ B(X), then the definition coincide with the definition of the hypercyclicity. 3. Because {T n x, n ≥ 0} M is dense in M if and only if {T n x, n ≥ 0} M is dense in M , then we can always suppose that M is closed.
Example : Let T be hypercyclic on X with hypercyclic vector x. Then the sequence T n = T n ⊕ I : X ⊕ X → X ⊕ X is M −universal with M = X ⊕ {0}, and x ⊕ 0 is M −universal vector, but is not X ⊕ X-universal. Proposition 2.1. Let (T n ) n≥0 be a sequence of B(X) and M be a nonzero subspace of X. 
Corollairy 2.1. Let (T n ) n≥0 be a sequence of B(X) and M be a nonzero subspace of X.
The converse of the above corollary is not true, see [18] . Proposition 2.2. Let T ∈ B(X), if T is a surjective hypercyclic then T is M −hypercyclique for all M dense subspace of X.
Proof: Let M be a dense subspace in X. We show that T is M − hypercyclic. Since M is dense in X and T is continuous and surjective then T (M ) is dense in X. But T is hypercyclic, let x a hypercyclic vector of T , then Orb(T, x) is dense in X hence Orb(T, x) M is dense in X.
Definition 2.3. Let T = (T t ) t≥0 be a C 0 -semigroup and M be a nonzero subspace of X. We say that T is M − hypercyclic if there exists a vector x ∈ X such that Orb(T , x) M is dense in M .
We call x a M − hypercyclic of T and we denote by HC(T , M ) the set for all M -hypercyclic vector of T . Proposition 2.4. Let T = (T t ) t≥0 be a C 0 -semigroup and M be a nonzero subspace of X. Suppose that there is t 0 > 0 such that T t 0 is M -hypercyclic then T is Mhypercyclic and we have HC(T t 0 , M ) ⊆ HC(T , M ).
Proof:
Since T t 0 is M -hypercyclic then there exists x ∈ X such that Orb(T t 0 , x) M is dense in M . Let y ∈ M = Orb(T t 0 , x) M then there is a sequence of positive integers (k n ) n≥0 such T kn t 0 x ∈ M and lim n−→+∞ T kn t 0 x = y, therefore y = lim n−→+∞ T knt 0 x and T knt 0 x ∈ M , hence y = lim n−→+∞ T knt 0 x and T knt 0 x ∈ Orb(T , x) M . Consequently y ∈ Orb(T , x) M and we obtain that x ∈ HC(T , M ), i.e T is M -hypercyclic. Proposition 2.5. Let T = (T t ) t≥0 be a C 0 -semigroup and M be a nonzero subspace of X. If T is M -hypercyclic then For all t > 0 and λ ∈ C we have ker(
Proof: Suppose that there exists t > 0 and λ ∈ C such that ker(
* >, we have φ is surjective if and only if x * / ∈ M . But T is M -hypercyclic then there is x ∈ X such that Orb(T , x) M is dense in M , hence φ(Orb(T , x) M ) is dense in C, on other hand we have
We write s = mt + r for some integer m ≥ 0 and r ∈ [0, t[, then
Therefore φ(Orb(T , x) ∩ M ) is not dense in C, a contradiction.
-If |λ| ≥ 1, let r > 0 which satisfies | < T r x, x * > | > 1. Since the family (T s ) s∈[0,t[ is equicontinuous in 0 there exists α > 0 such that | T s y, x * | < 1 for all y < α and s ∈ [0, t[. Let t > r satisfies T t x < α, then | T s (T t x), x * | = | T s+t x, x * | < 1. Write t = mt − s + r where m ≥ 0 and r ∈ [0, t[, then s + t = mt + r and therefore :
This gives a contradiction and completes the proof. Proposition 2.6. Let T = (T t ) t≥0 be a C 0 -semigroup and M be a nonzero subspace of X. If T is M -hypercyclic then For all t > 0 and λ ∈ C we have ker(
Proof: Assume that there exists t > 0 and λ ∈ C such that ker(T *
By induction we can show that for every n ≥ 1
And writing s = nt + r where r ∈ [0, t[, we have
This is contradiction.
In the above theorem if we take T a hypercyclic semigroup we obtain the result of lemma 2.1 in [15] . 
since W is open of M then for all r small enough we have x 0 +rx ∈ W , therefore T t 0 (x 0 + rx) = T t 0 x 0 + rT t 0 x ∈ T t 0 (W ) ∈ M . From T t 0 x 0 ∈ M it follows that T t 0 x ∈ M . We then conclude that T t 0 (M ) ⊂ M .
Remark : Let T = (T t ) t≥0 be a C 0 -semigroup and M be a nonzero subspace of X. If there is t 0 > 0 such that T t 0 is M -transitive, then T is M -transitive.
Lemma 2.1. Let T = (T t ) t≥0 be a C 0 -semigroup and M be a nonzero subspace of X. If T is M -transitive then Corollairy 2.3. Let T = (T t ) t≥0 be a C 0 -semigroup and M be a nonzero subspace of X. If T is M -transitive then T is M -hypercyclic.
